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In this talk, I would like to exhibit some unfashionable geome-
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AKNS 2 2 [1] $\Phi=\Phi(x, t, \lambda)$ :
$\mathbb{R}^{2}$ (x, $t$ ) $\cross \mathbb{C}^{*}(\lambda)arrow \mathrm{S}\mathrm{L}2\mathbb{C}$ : :
$\Phi_{x}=\Phi$U$(x, t, \lambda)$ , $\Phi t=\Phi$V $(x, t, \lambda)$





$V$ $a,$ $b,$ $\mathrm{c}$
$r=-\overline{q}$ , $a=2\sqrt{-1}\lambda^{2}+\sqrt{-1}|q|^{2}$ ,
$b=\sqrt{-1}q_{x}+2\sqrt{-1}\lambda q,$ $c=\sqrt{-1}\overline{q}_{x}-2\sqrt{-1}\lambda\ovalbox{\tt\small REJECT}$
, ,
$\sqrt{-1}qt+qxx+2|$q$|^{2}q=0$
$V$ $\lambda$ 2 $\mathrm{K}\mathrm{d}\mathrm{V}$ ,
mKdV 3 Sine-Gordn -1
1





1.1 AKNS $V$ $\lambda$ 2
NLS ?
L2 NLS $\Phi$ $\mathrm{S}\mathrm{U}(2),$ $\mathrm{S}\mathrm{U}(1,1)$
?
2 T 3 ( ) [7]











$q= \frac{\lambda_{0}e^{\lambda_{0}^{2}t+c}}{\cosh(\lambda_{0}s)},$ $r= \frac{\lambda_{0}e^{-(\lambda_{0}^{2}t+c})}{\cosh(\lambda_{0}s)}$ ,
$\mathrm{S}\mathrm{L}(2, \mathbb{C})$ 6 (real form)
$\mathrm{S}\mathrm{U}(2)$ ( ), $\mathrm{S}\mathrm{U}(1,1)=\mathrm{S}\mathrm{L}(2, \mathbb{R})$ ( ) 2
$\bullet$ $\mathrm{S}\mathrm{U}(2)$ 2 $S^{2}$
$\bullet$ $\mathrm{S}\mathrm{U}(1,1)$ $H^{2}$ , $S_{1}^{2}$ , $5\text{ }$
:
$S^{2}=\mathrm{S}\mathrm{U}(2)/\mathrm{U}(1)$ ,
$3\mathrm{Q}\mathrm{i}\mathrm{n}\mathrm{g}$ Ding: 2003 7 SARS
4 [21]
5 $x^{2}+y^{2}+z^{2}=1,$ $-x^{2}+y^{2}+z^{2}=-1,$ $-x^{2}+y^{2}+z^{2}=1,$ $-x^{2}+y^{2}+z^{2}=0$
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$H^{2}=\mathrm{S}\mathrm{U}(1,1)/\mathrm{U}(1)=\mathrm{S}\mathrm{L}(2, \mathbb{R})$/SO(2),





, Riemann, Poincare 2
“ )$1$ ”, “ ( $S^{2}$ )”, “



















$T$ (s; $t$ ) $=\mathrm{r}_{t}$
(5) $T(s;t)_{t}=T(s;t) \cross\frac{\partial^{2}T}{\partial s^{2}}$ .
Heisenberg ,
$\phi:=\kappa$ (s, $t$ ) $\mathrm{e}\mathrm{x}$p[i $\int\tau$ (s; $t)ds$]
$i \phi_{t}+\phi_{ss}+\frac{1}{2}(|\phi|^{2}+A(t))\phi=0$
.
$\psi(s;t):=\frac{1}{2}\phi(s;t)\exp$ ( $- \frac{i}{2}\int A$ (t) $dt$)
$i\psi_{t}+\psi_{ss}+2|\psi|^{2}\psi=0$
NLS .




$J$ $\mathcal{T}(T)$ $T$ tension
field . :
$(M, \omega)$ symplectic 9
:





$K$ $(K^{2}=-1)$ , $K^{2}=1$
$g$ (Levi-Civita )
$K$ $(M, \omega, g)$ (K\"ahler) $\mathrm{r}$’
(paraKahle 6
$u$ : $\mathbb{R}arrow M$
$u_{t}=KT(u)$
Schr\"odinger map .
6 [29] K\"ahler metric, paraK\"ahle,r metric, neutral
Kihler metric($g$ (JX, $J\mathrm{Y})=-g(X,$ $Y),$ $J^{2}=-1$ )
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2.1 NLS, NLS-dark, $S^{2},$ $H_{\sqrt}^{2}$. $S_{1}^{2}$
Schr\"odinger map .
NLS . Schr\"odinder map 1 $\mathrm{A}$ ‘
, Uhlenbeck, 7. $M$
matrix nonhner Schr\"odinger equation
matrix NLS
NLS-dark ? :




2 ( [22] )
$G$ $X\ell$ Lie $G$
$\mathrm{t}$ $\mathrm{t}$ ( ) $\Pi=$ $\{$ \mbox{\boldmath $\alpha$}1, $\cdot$ . . , $\alpha_{l}\}$ ,
$\alpha_{0}$ ;
$-\alpha_{0}=m_{1}\alpha_{1}+$ $\cdot$ . $m_{\ell}\alpha_{\ell}$ . $m_{0}=1$ $\circ$
+=\triangle $=\partial_{x}^{2}+\partial_{t}^{2}$ , -= $\square$ $=\partial_{x}^{2}-\partial_{t}^{2}$ :
$\Omega$ : $\mathbb{R}^{2}$ (x, $t$) $arrow\sqrt{-1}\mathrm{t}$
$2\mathrm{D}$ affine Toda field equation of type $X\ell$ .
$\mathrm{O}^{\pm}\Omega\mp\sum_{p=0}^{\ell}m_{p}e\alpha_{p}=0\alpha_{p}(\Omega)\#,$ $\alpha_{p}:\#$ coroot of $\alpha_{p}$ .
Type $A$
$\Omega=(\begin{array}{llll}\omega_{0} \omega_{1} \ddots \omega\ell\end{array})$
$\tau \mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}$ ?
83-dimensional Minkowski spacetime $(\mathbb{R}^{3}, -dx_{\mathrm{O}}^{2}+dx_{1}^{2}+\cdot dx_{2}^{2})$
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$\alpha_{p}(\Omega)=\omega_{p}-\omega_{p-1},$ $\omega_{0}+\omega_{1}+1\cdot+\omega_{\ell}=0$ , $\omega_{p+(\ell+1)}=\omega_{p}$ :
(\mbox{\boldmath $\omega$}p) $\pm(\omega_{p})_{tt}=\mp\{e^{\omega_{p}-\omega_{\mathrm{p}-1}}-e^{\omega_{p+1}-\omega_{p}}\}$
.
1 $G=\mathrm{S}\mathrm{U}(2)\backslash (A_{1}^{(\mathrm{D}})$ :
(\mbox{\boldmath $\omega$}l) x\pm (\mbox{\boldmath $\omega$}l)tt $=\mp\{e^{2\omega_{1}}-e^{-2\omega_{1}}\}$
Sinh-Gordon Sine-Gordon :
, $u=2\omega_{1}$ , $u=\sqrt{-1}\omega_{1}$
\triangle u+si $u=0,$ $\square u-\sin u$ =0
3 $1,$ -1
9 ( )
$\mathbb{C}P^{1}$ sigma (harmonic map) ha
[17] )
$G=\mathrm{S}\mathrm{U}(3)(A_{2}^{(1)})$ : .
\pm \mbox{\boldmath $\omega$}0 $=\mp\{e^{\omega_{0}-\omega_{2}}-e^{\omega_{1}-\omega_{0}}\}$ ,
\pm \mbox{\boldmath $\omega$}1 $=\mp\{e^{\omega_{1}-\omega_{0}}-e^{\omega_{2}-\omega_{1}}\}$ ,
\pm \mbox{\boldmath $\omega$}2 $=\mp\{e^{\omega_{2}-\omega_{1}}-e^{-\omega_{3}-\omega_{2}}\}$ .
(
superconformal harmonic map )
$\underline{\mathrm{R}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}-}\omega$0 $=0$ , $\omega_{2}=-\omega_{1},$ $u=\omega_{1}$ \pm u $=\mp\{e^{u}$ -
$e^{-2u}\}$ 10
Tzitzeica equation ( $A_{2}^{(2)}$ -Toda, $BC_{1}$ -Toda, Dodd-
Bullough, Ziber-Shabat )
reduction
symplectic { Lagrangian reduction
Tzitzeica $\mathbb{R}^{2}$ $\mathbb{C}P^{2}$
Lagrangian minimal surface 2
Lagrangian mininlal torus













$\mathrm{o}$ $=$ $SL(3, \mathbb{R})$
$\ltimes \mathbb{R}^{3}$ “ ”
$\circ$ = 13 $\mathrm{A}^{3}$
0
$14\circ$




















( !) Tzitzeica $\underline{.\ovalbox{\tt\small REJECT}<}$
$\vee\supset$ – , ( )





$(\ln h)_{v_{1}u_{2}}=h-abh^{-2}$ , $a_{u_{2}}=b_{u_{1}}=0$ .
Tzitzeica 20
$F=F_{n,m}$ : $\mathbb{Z}^{2}arrow \mathrm{A}^{3}$ 2
21 .
$\circ F$ $F_{n,m}$ ,
$F_{n,m},$ $F_{n+1,m},$ $F_{n-1}$ ,m’
$F_{n}$ ,$m+1,$ $/\mathrm{n}_{m-1},\in\varphi_{n,m}$ .
$\mathrm{J}_{n,m}^{)}$ .
$\circ F$ 2 $\Delta_{12}F$ :=Fn+l,m+l—Fn+-l,m+Fq,m+-l+Fn,
( )

































) [23] ([24], [26] ).
Liouville (









$u_{xx}-1tt=\sin u$ 1-soliton :
$\underline{\mathrm{K}\mathrm{i}\mathrm{n}\mathrm{k}}$: $u$ (x, $t$ ) $=4\tan$ ( ex) Beltrami’s pseudosphere
: ( )




Moving Kink (1-solition) Dini’s pseudosphere
$F(x, t)=\{\begin{array}{lll}\mathrm{c}\mathrm{o}\mathrm{s}^{1}t -\mathrm{s}\mathrm{i}\mathrm{n}t 0\mathrm{s}\mathrm{i}\mathrm{n}t \mathrm{c},\mathrm{o}\mathrm{s}t 00 0 1\end{array}\}$ $\{\begin{array}{ll} \mathrm{s}\mathrm{e}\mathrm{c}\mathrm{h}x 0-x +\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{h}x\end{array}\}+$
$K=-1$ Sine-Gordon




, ( ) 3 !
Elliptic rotafion or Rotafion
$F(x, t)=\{\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}^{\urcorner}t -\mathrm{s}^{\tau}\mathrm{i}\mathrm{n}t 0\mathrm{s}\mathrm{i}\mathrm{n}t 0\mathrm{c}\mathrm{o}\mathrm{s}t0 01\end{array}\}$ $\{\begin{array}{l}f(\prime x.)0g(x)\end{array}\}$ ,
Hyperbolic rotation or Boost
$F(x, t)=\{\begin{array}{lll}\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h}t \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h}t 0\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h}t \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h}b 00 0 1\end{array}\}$ $\{\begin{array}{l}f(x)0g(x)\end{array}\}$ ,
Parabolic rotation
$F(x, t)=\{\begin{array}{lll}1 0 tt 1 t^{2}/20 0 \mathrm{l}\end{array}\}$ $\{\begin{array}{l}f(x)0g(x)\end{array}\}$
$\Rightarrow 1$ -soliton 3 ???







$e^{u}=A+ \frac{1}{2}r^{2}p^{2}\mathrm{s}\mathrm{n}^{2}(rx/2,p),$ $r>0,0\leq p\leq 1$ ,




$u\equiv 0$ Hexenhut 2 $(X^{2}+$
$\mathrm{Y}^{2})Z=1$ . (cnoidal ) $\{u_{\alpha}\}$
( )
$e^{u_{\alpha}(x,t)}= \frac{\alpha}{2}\{1-q^{2}\mathrm{s}\mathrm{n}(\frac{r}{2}(x-t),p)\},$ $\alpha\geq 2$ ,
$q^{2}= \frac{\alpha^{3}-2-2\sqrt{\alpha^{3}+1}}{\alpha^{3}}$ , $r^{2}= \frac{\alpha^{2}-2+2\sqrt{\alpha^{3}+1}}{\alpha^{2}},$ $p^{2}= \frac{\alpha q^{2}}{r^{2}}$ ,
$P_{III}-\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}.\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$
Sine-Gordon $P_{III}$-reduction 24. $P_{III}$
Amsler .
“Sine-Gordon $u$ (x, $t$ ) $P_{III}$ \Leftrightarrow ”.
Amsler surface .
$-u_{tt}+u_{xx}=\sin u$ $(\zeta_{1}, \zeta 2)$ $=$ (x $+t,$ $x-t$) $/2$
$u_{\zeta_{1}\zeta_{2}}=\sin u$ Amsler Sine-Gordon




. $y$ (t) $:=e^{\sqrt{-1}1k(}$r), $t=r^{2}$
” $= \frac{(y’)^{2}}{\mathrm{t}j}-\frac{y’}{t}+\frac{\sqrt{-1}}{8t}(y^{2}-1)$ .
. Tzitzeica .






25 $(\log h)_{xy}=h-h^{-2}$ , $h$ (x, $y$ ) $=$






$y”= \frac{(y’)^{2}}{y}-\frac{y’}{t}+\frac{1}{t}(\alpha y^{2}+\beta)+\gamma^{3}+\frac{\delta}{y}$ .









$\star$ Tzitzeica Darboux Its .
$\circ 3$ $‘ t1$ -soliton ” $1\urcorner$ “ ”
( / - $-\mathrm{I}$ $[19]$ )
,
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